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Abstract—In multi-rate wirelessLANs, thr oughput-basedfair
bandwidth allocation can lead to drastically reducedaggregate
throughput. To balance aggregate throughput while sewing
users in a fair manner, proportional fair or time-based fair
schedulinghasbeenproposedto apply at eachaccesgpoint (AP).
However, since a realistic deployment of wirelessLANs can
consistof a network of APs, this paper considersproportional
fairnessin this much wider setting. Our technique is to intelli-
gently associateuserswith APs to achieve optimal proportional
fairnessin a network of APs. We proposetwo approximation
algorithms for periodical of ine optimization. Our algorithms
are the rst approximation algorithms in the literatur e with
a tight worst-case guarantee for the NP-hard problem. Our
simulation results demonstrate that our algorithms can obtain
an aggregate thr oughput which can be as much as 2.3 times
more than that of the max-min fair allocation in 802.11b
While maintaining aggregate thr oughput, our approximation
algorithms outperform the default userAP associationmethod
in the 802.11bstandard signi cantly in terms of fair ness.

|. INTRODUCTION

Fair andef cient mediumaccesss afundamentaproblem
in wirelessnetworks. This problemis particularlychallenging
to addressn modernWLAN networksdueto theintroduction
of multi-rate WLANS to accommodateauserswith diverse
channelconditions.Recentmeasuremerdtudieshave shavn
that rate diversity is prevalentin operationaMWLANSs [15].

In the caseof a single accessoint supportingmulti-rate,
the tradeof betweenfairnessand efciency is resolhed by
the introduction of the proportional fair scheduler Specif-
ically, the widely used802.11 MAC provides equal long-
term transmissionopportunities.This is also referredto as
throughput-basedairness.A consequencef this fairness
is that nodes with lower data rates occupy the medium
a larger percentageof time than those with higher data
rates leadingto drasticallyreducedhetwork throughpuf10],
[15]. In contrastproportionafairnesimplementdime-based
fairnessand provides a good tradeof betweenfairnessand
network throughput.

However, mary deployed WLANs consist of multiple
APs, interconnectedy a wired backbonenetwork, providing
overlapping coverage. In this much wider network-based
setting,the client nodesareoftendistributedunesenly among
the accessoints[6], [7], [12], anda nodecanbe associated
with one of multiple APs. In other words, a signi cant
challengein this morerealistic settingis associatiorcontrol.
Associationcontrol plays a major role in determiningnot
only fairnesshut also ef ciency and load balancing[5]. As
researcherpointedout in a previous study [9], association
control without considerationof fairnesscan lead to non-
Pareto optimal channel capacity allocation. By a Pareto
optimalallocationit meansonesuchthattheredoesnot exist
anotherfeasibleallocationwhereat leastonenodegetsmore
bandwidth,and all othersget at leastthe samebandwidth.

In this paper we study how to use associationcontrol
to achieve optimal proportional fairness;that is, how to
associatethe nodesto maximize the sum of the logarithm
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of the ratesallocatedto users.The logarithm of a rate can
be viewed as a utility function of eachuser

Sincethe objective functionof proportionafairnesds non-
linear and non-concae, implementingoptimal proportional
fairnesds muchmorechallengingthanthe max-minfairness
problemaddressecth [8]. If eachusercanbe associatedavith
only one AP, the problemof achiezing optimal proportional
fairnesghenis NP-hard We presentwo algorithmsallowing
tradeofs betweenperformanceand computationakpeed.In
our rst algorithm, we solve a relaxed corvex programto
obtain a fractional associationWe then round this solution
to an integral solution. The total utility of the bandwidth
allocationvector given by our algorithmis greaterthan the
that of optimal bandwidth allocation vector scaled down
by a factor of . In our secondalgorithm, we rst
discretizethe nonlinearprogramto obtain a linear program
relaxationof the problemwhereeachusercanbe associated
with multiple APs simultaneouslyVia roundingthe solution
to the discretizedlinear program, we design an ef cient
approximationalgorithm such that, the total utility of the
bandwidthallocationvectorgivenby our algorithmis greater
than the that of optimal bandwidthallocation vector scaled
down by a factor of

As far aswe know, the only closely relatedpaperin the
recent theory literature is [4]. Azar and Epstein[4] give
algorithmsfor minimizing the norm of the load vector
in the problem of schedulingunrelatedparallel machines.
Similar to our work, they usethe GeneralizedAssignment
techniqueof Shmg/s andTardos[14] to rounda relaxationof
the problemformulation. Thus,to the bestof our knowledg,
we are the r stto presentassociationcontrol algorithmsthat
provide guaranteeson the quality of bandwidthallocation
with respectto the optimal proportional fairnesssolution.

Our approximationalgorithms can be used for periodic
of ine optimization.The function can be implementedin a
central managemensener (e.g., Ciscos Wireless Control
System [2]) to allow enterprisewirelessnetworks to be de-
signed,controlled,andmonitoredfrom a centralizedocation.

We conductextensive evaluationsto demonstrat¢he effec-
tivenessof our algorithms.We shaw that our approximation
algorithm achieves close-to-optimalproportionalbandwidth
allocation(we comparewith an upperboundof the optimal
objective function since the problem is NP-hard), obtains
an aggreate throughput which can be as much as 2.3
time more than that of the max-min fairnessallocation,and
outperformsthe default userAP associationmethodin the
802.11standardWe also nd thatour corvex programming
basedalgorithmrunsmuchfasterthanour secondliscretized
linear programmingformulation.

Therestof this paperis organizedasfollows. We motivate
our designin Sectionll. We introduce our notationsand
formulation in Sectionlll. We presentour two algorithms
in SectionslV andV, respectrely. We evaluate our algo-
rithms in SectionVI. After presentingthe relatedwork in
SectionVIIl, we concludein SectionVIII.



Il. MOTIVATION

We motivateour designchoicesusingan examplenetwork
shawvn in Fig. 1. Thenetwork has2 APs and , and3 users
indexed by 1, 2, and 3. The dashedines shawv the possible
links. Thenumberbesidesachlink is its bit rate.We assume
that all usershave the samepriority.

A. Fairness

Two fairnessde nitions are widely usedin network re-
sourceallocation. Proportionalfairnessallocatesbandwidth
to usersin proportionto their dataratesin the single AP
caselt maximizesthe sumof the logarithmsof the allocated
bandwidthof eachuserin the multiple-AP case.Max-min
fairnesspntheotherhandtriesto allocatebandwidthequally
among usersto the extent possible.That is, a bandwidth
allocationis max-min fair if thereis no way to give more
bandwidthto any userwithout decreasinghe allocationof a
userwith lessor equalbandwidth.

Fig. 1. An examplenetwork (the numberbesideseachlink is its bit rate).

Applying the two fairnessde nitions to the examplenet-
work showvn in Fig. 1, we can verify by exhaustve search
that the following assignmentf usersto APs satis es both
fairnessde nitions: userl and2 to , and3to

However, the two fairnessde nitions allocate different
amountsof bandwidthto different usersand achieve dif-
ferentoverall network throughput.Speci cally, proportional
fairnessallocates3, 24 and6 units of bandwidthto usersl, 2
and3 respectiely by giving usersl and2 equaltransmission
time. As acomparisonmax-minfairnessallocatesl6/3,16/3
and6 unitsto usersl, 2 and 3 respectiely by giving userl
longertransmissiortime (8 timesmorethanthatgivento user
2). Comparingthe total network throughputwe obsene that
max-min fairnessachieves only 16.67,far lessthan 33, the
total throughputachieszed by the proportionalfair allocation.

This example also can illustrate that fairnessmust be
consideredn a broadercontect thana perAP basis.Without
this, the bandwidth allocation can be quite inef cient. For
example,considera x ed assignmenbf userlto , 2 and
3to . This allocationgivesthe useran allocationof 6, 4.5,
and3 which resultsin atotal bandwidthof 13.5,far lessthan
the optimal of 33.

Notethatin anextremelylargewirelessLAN deployment,
we may partition the network into several componentsin
each component,we apply our proportional fairnessallo-
cation. This may have fairnessimplications, but maybe a
reasonabldradeof in achiezing feasibleimplementation.

B. Load balancing

Fairnessand load balancingare traditionally considered
in separationln our framework, the resourcesat all access
pointsare consideredas a whole whenallocatingbandwidth
fairly to users.With this network-wide fairnessobjectve,
load balancingis automaticallytaken careof.

C. Periodic of ine optimization

The network hasto make associationdecisionsas users
arrive. Therefore pnlineassociatioralgorithmsarenecessary
However, online decisionsmay becomeinef cient over time
both in terms of aggreyate throughputand fairness.Thus,
our systemis to combinean online algorithm with periodic
of ine optimization.

An online algorithmhasto make a decisionwithout know-
ing the future. Becauseof this, it canbe arbitrarily unfair to
certain users.For example, supposewe have two APs
and users.Supposeonly user1 is able to communicate
with both APs and the datarate is 48, and 24 to and
respectiely. Therestof theusersareall outsidethe coverage
of AP , but arewithin the coverageof AP . Whenuserl
rst arrives,an online algorithmwill associatehe userwith
AP . Thenthe rest of usersarrive. Since an online
algorithmwill not re-associataisers,the rst userwill get

. However, if user1 associatesvith AP instead,it
will get . We remarkthat this worst caseoccursfor ary
online algorithmwith a simple adwersarialanalysis.Suppose
an online algorithm assignsthe rst userto AP whenit
rst arrives.The adwersarycan placethe rest of users
to AP which resultin the samesituation.

Due to the inefciency in terms of aggregate throughput
andfairnessof any online algorithm, our systenarchitecture
is to combine an online algorithm with periodic ofine
optimization.

I1l. NOTATIONS AND FORMULATION

Our notationis summarizedin Table I. We consideran
IEEE 802.11 WLAN consistingof multiple accesspoints
(APs). We denotethe setof APsas indexed by
All the APs are attachedto a x ed |nfrastructurewh|ch
connectsthemto wired datanetworks such as the Internet.
The backhaulcapacityfor each AP may be limited. Each
AP hasa limited coverageandit can sere only usersthat
residein its coveragearea.The network coverageareais the
union of the coverageareaof eachAP. We assumedequate
frequeng planning where interfering APs are assignedor-
thogonal channels.Our algorithms can be easily extended
to the casewhere interfering APs sharethe samechannel
resourceequally

Semantics

The setof all accesgoints (APS).
The numberof APs,i.e. .

The setof all users.

The numberof usersii.e.

The infrastructurelink bit rate of AP .

The wirelesslink bit ratebetweenAP anduser .
The fraction of time that AP allocatedto user .
The weight (priority) of user .

The bandwidthallocatedto user .

The fractionalassociatiorof user with AP .

An userAP associatiommatrix.

An usefrAP time allocationmatrix.

1if AP allocates time slotsto

The utility user getsfrom AP .

An userAP utility matrix.

[ Symbol ]

TABLE |
NOTATIONS.

We denotethe setof usersas indexed by . For
eachuserAP pair , we assumedhatwe know the effective
bit rate  of thelink between and . The effective bit rate
is measuredn a longer time scalewhich tracks the long-
term channelcondition (mainly in uenced by pathloss and



slow fading). The effective bit rate also takes into account
the overheadof retransmissionslue to receptionerrors.We
assumethat a user consumesall bandwidthallocatedto it
by the network and always hastrafc to sendor receve.
Furthermore we assumethat eachuser hasa weight
that speci es its priority. This weight is usedto determine
the channeloccupang time it entitlesto have with respect
to the otherusers.

We assumehateachusercommunicateslirectly only with
a single AP for an extendedperiod of time. In otherwords,
eachuser must be assignedto only one AP. Each AP, on
the other hand, may sene multiple users.We formulatethe
problem of associatinguserswith APs as an optimization
problem.Dueto the dynamicnatureof the channelcondition
betweenan AP and a user as well as the bursty nature of
datatrafc, rateallocationthroughassociatiorcontrolshould
be donein alongertime scale.The alternatve would entaila
much higher communicationoverheadand adwerselyimpact
ongoingtrafc o ws. Therefore,our associatiorcontrol de-
cisionsare basedon the effective bit rate of userAP pairs,
not the instantaneousate.

In our formulation,we usetwo setsof variables.For each
userAP pair, we shallhave a binaryvariable  thatis equal
to 1if client is associatedvith accesgoint ; O otherwise.
We expresshefractionof time eachAP devotesto eachof its
usersusingafractionalvariable . ForeachAP anduser ,
if is associatedvith ,then s afractionbetweer0 and
1 thatspeci eshow muchtime spendsommunicatingwvith

. If client is notassociatedvith , thenthe fraction is
0.Wedenotethe  matrixby andthe matrixby .lItis
easyto verify thattheproduct  or accuratelyre ects
the fraction of time accesgoint spendgalking to client .
For corveniencewe use in our secondalgorithm.The
bandwidth  allocatedto eachuser is given as follows.

Our goalis to constructan assignmenof clientsto APsin
a proportionalfair manner;the assignmentllows eachuser
sufcient bandwidthwithout unduly restricting the amount
of bandwidthavailable to other users.Formally, we would
like to maximizethe weightedsum of the logarithm of the
bandwidthallocation[11]:

@)

Notethat,we assumeno isolatedusers.Thatis, for eachuser
, at leastone of its . Therefore the suminside the
functionis strictly greaterthanzero. This canbe ensured
easily by pruning the isolatedusers.We can shav that the
problemis NP-hardby slightly adaptingthe reductionin [9].
V. A APPROXIMATION ALGORITHM VIA CONVEX
PROGRAM RELAXATION

We rst presenta corvex programrelaxationformulation
of the problem. We then shav how we can obtain an
approximationalgorithmthroughrounding.

A. Corvex program relaxation

Since eachuser is assignedto only one AP (integral
association)thereis exactly onenon-zero , for . We
now relax this constraintand obtain the following convex
programformulation:

Algorithm cvapPF( )
1. = solve_CVP( , )

2.

set if is a strongedge;0 otherwise

3. Setup the GeneralizedAssignmentproblem
using
4. =roundGAP(, )

5. _

Fig. 2. A formal descriptionof our proportionalfair algorithm

maximize

(CVP)

The rst constraintis an expressionfor the auxiliary
variable , the bandwidth allocatedto eachuser . The
secondconstraintsaysthat the total allocatedtime fraction
of eachAP can not be morethan 1. The third constraint
saysthatthe total fraction of time eachuser communicates
with all AP cannot be morethan1.

Corvex programcan be solved to the desiredprecision
in polynomialtime. We rst solve problemCVP andobtain

, which inducesa fractionalassignment , where
——. We canview the assignmenas a bipartite graph.We
now de ne two typesof edges.An edge is weak if

; otherwise,it is calleda strongedge. B
is a parametewhich will be determinedater Our algorithm
is summarizedn Fig. 2.

We usethe examplein Fig. 1 to illustratethe key stepsof
our algorithm.Let'sindex AP and by 1 and2. Applying
cvapPFwe obtainafraction  asfollows: ,

, , , . We have ,

. The induced is shawvn in Fig. 3-a.

Note tha’t, edge is weak. This is because

(a) aftersolve CVP (b) afterweakedgedel
© (b)

1 1 1

@ ) ®

(©

after roundingvia GAP

Fig. 3. An example:assignmentst eachstep.



B. Roundingvia generlized assignmenproblem(GAP)

Thefractionalassignment yieldstoo mary assignments
(edges).Our goal is to derive an integer assignmentWe
rst deleteall weak edges.This inducesanotherfractional
assignment . Thatis,

if (i,j) is strong

if (i) is weak @

De ne . We have the following lemma:

Lemmad4.1: For a givenuser ,
Proof: Let be a subsetof APs
is a strongedge.

suchthat, ,

By de nition of weakedge,

Since , we have that the bandwidth con-

tributed by all weak edgesis no more than —. Thus,
[ |

De ne ——. By de nition of and , we have

. Since

, Substitute by ,

we have .
Thus, we get the following assignmenproblem:

(GAP-C)

We have the following lemma:
Lemma4.2: If , then —

Proof: By de nition of . By de nition of

|
, we

, edge is strong.Perits de nition, —

Using our example, after deleting weak edge
obtain  asshawn in Fig. 3-h.

Using the roundingprocedureof Shmays and Tardos[14],
we getanintegral solution  suchthat,

@)

The roundingprocedurehasto cleverly reassigrusersthat
are fractionally assignedo mary machineseachto a single
machine while not reducingthe overall value of the solution
obtained(we do not have an explicit objective function here;
we will seeonein our next algorithm). Shmgs and Tardos
achieve this by carefully settingup a bipartite min-cost o w
problem,whoseoptimum solution correspondgo a suitable
integerassignmentln this processthe procedurenay assign
an extra job to eachmachine,thus exceedingthe capacity
of eachmachineby the load imposedby the extra job. For
detaileddescriptionof the roundingprocedurewe refer the
readerto the original source[14].

De ne
4)
Denote the bandwidthallocatedby . We have the
following lemma:
Lemma4.3: — -
Proof: By de nition, . By de nition
of
- ®)
]

After this step,our exampleyields the integral association
asshawn in 3-c.

C. Analysis

We would like our integral assignmento achieve a band-
width as closeto the optimal as possible.Thus, we try to
nd the bestparameter . It is easyto seethat
is the bestparameterWe have the following theorem:
Theoem4.1: Considerary optimal integral association
. Then, for the solution produced by our
algorithmit holdsthat

Proof:

- ®

Note that, the secondinequality is due to the fact that the
corvex programsolutionachiesesa betterobjectve function
value thanthat of any optimal integral solution. [ ]

V. A APPROXIMATION ALGORITHM VIA
DISCRETIZED LINEAR PROGRAM RELAXATION

In this sectionwe rst presentanexactnon-linearprogram
formulation. We then discretizethe non-linear formulation
to obtain a linear formulation. We establishthe relationship
betweerthe solutionsof thetwo programsWe shav how we
canmake useof the linear formulationto obtainan ef cient
approximationalgorithm.

A. Non-linear exact formulation

Because takeseitherQ or 1 andthereis exactly one
for eachuser (denotesucha specic AP as

), we have ; similarly,
. So the of sum

equalsto the sum of in our speci ¢ setting (note that
in generalthis is not the case).Thus, the objective function
in Eq. (1) is equialentto the following function:

()

To simplify our notation,we allow  to be zero.When

is0,  will besetto 0. Notethat, by corvention, is



de nedto beO. In practice,when , the corresponding
termsin the objective function and the constraintswill be

prunedbeforerunningary mathematicaprogramsolver.
We now formulatethe multi-AP proportionallyfair asso-

ciation problemasthe following mathematicaprogram.The

non-linearprogramis referredas NLP.

maximize

(NLP)

The rst andfourth setsof constraintspecifythateachuser
mustbe assignedo exactly oneaccesgoint. The secondset
of constraintsexpresseghe fact that eachAP mustshareits
available time amongits assignedusersto the extent of at
most 1. The third setof constraintsstatesthat no usercan
get morethan 100% of an AP's time share.

The mathematicalprogram (NLP) is dif cult to solve
becauseof two reasons.First, it imposesintegrality con-
straintson the variables.Second,even if we disrggard
theintegrality constraintsthe problemis non-linearandnon-
concae.

In the caseof a single AP, proportionalfairnesscalls for
the accesspoint to divide its time amongits usersequally
if all usershave the samepriority, or in proportionto their
assignedpriorities. Using the Lagrangianmethods,we can
checkthat our formulation satis es this property We state
the following lemmafor useby later proofs.

Lemmab.1: If the numberof APs , then

gives the unique optimal solution to our NLP

formulationwhere s the setof usersassociatedvith AP
1.

Thus,givena x edassociatiomatrix which determines
which AP a user associatesywe know how much time
user getsfrom AP . By Lemmab.1,it is

i is the samefor all , thenall users
associatedvith a given AP getsequaltime sharefrom .

B. Discretizedlinear formulation

As the rst stepin solving the NLP formulation, we start
by discretizing the schedulingperiod of each AP into
discrete intervals. To achiere a theoretical approximation
guarantee,we have to pick a possibly larger , where

turns out to be sufcient. We

introduce a new indicator variable that is equalto 1

if andonly if user is assignedo accesgoint , andaccess
point hasallocated (outof ) of its time slotsto user .

Notethatit is numberof slotsoutof , notthe -th slot.

Here is the discretizedformulation. The variable always
rangesfrom to

maximize

(DLP)

With the integral constrainton (third one in DLP
formulation),the rst constraintmakessurethatthereis one

and only one equalsto 1 for eachuser . The second
constraintensureghat the total fraction of time allocatedby

anAP is nogreaterthanl. In the following discussionwe

use to denotethe objectie function of the DLP program.
Thatis,

(8)

Recall that previously we have de ned in Eq. (7). The
following lemmaestablishes tight relationshipbetweenthe
two formulations.

Lemmab.2: For every integral solution to the NLP
formulation,if we wereto scaledown all time allocationsin
theformerformulationby afactor , thelatterformulation
would yield a solutionthatis at leastasgood:

Proof: Without loss of generality we can assumethat
is an optimal solution. By Lemmab.1, the optimal
for ary x edintegral assignment is the weightedtime fair
allocation .
De ne anintegral solution to the formulation (DLP) as

follows. For eachpair , de ne and
if ; , otherwise.For the Lemmato be true,
all we needis _, if
Af , then ———. Thus, picking
sufces. [ |

For the oppositedirection,we needonly concernoursehes
with translatinga fractional solutionto (DLP) to a fractional
solutionto (NLP).

Forevery ,dene
©)
(10)
11)
In caseswhere , we cande ne e.g. and

. We have:

Lemmab.3: For every fractional solution to the formu-
lation (DLP), the precedingis a fractional solution to
the formulation (NLP) suchthat .

Proof: It is straightforvard to check that the solution

is feasiblefor (NLP). To seethat ,

we make useof the concaity of thelogarithmfunction.From
Jensers inequality:

Since , we have,

By the de nition of



Algorithm nlapPF( )

1.
= solve_relaxDLP( , , )

3. Setup the GeneralizedAssignmentproblem
using and

4. =roundGAP(, , )

5.

Fig. 4. A formal descriptionof our proportionalfair algorithm
By the de nition of

C. Algorithm

With the formulationintroducedin the precedingsection,
we rst give an overview of our approximationalgorithm
referredto as nlapPF We then discussthe details of the
remainingstepsof our algorithm,followed by the analysis.

1) Overviav of the algorithm: Our algorithmis summa-
rizedin Fig. 4. It consistsof the following ve steps.

1) Set up the problem (DLP) using , and
disregardthe integrality constraintsSolve the resulting
linear program,andlet denoteits optimal solution.

2) Using Equationsshownn in Fig. 4, obtain a fractional
solution to problem(NLP).

3) Usethevalue to setupaninstanceof the Generalized
Assignmenproblem,to which is afeasiblefractional
solution.

4) Usetheroundingprocedureof Shmg/s andTardos[14]
to obtainan integer associatiorvector .

5) Finally, divide up the time allocation of each AP
proportionalto the weight of associatedusers. That

, this nishes the proof. ]

is, de ne for eachuser
associatedo accessoint (i.e. ).
( ® @ ®
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To betterurﬁgé?é,tasrﬁe 1ésé/§%g%f§,rwe illustrate themusing
the examplenetwork shavn in Fig. 1. Recall that we index
AP and by 1 and?2. Assume .
Supposen the rst step,we pick . Solving the linear
relaxationof DLP, we getthe valueasshavnin Fig. 5. That
is, , , , and
, which meansuser 1
is associatedvith AP and getsassignedl/2*1+1/2*2=1.5

out of threeslots,user2 is associatedvith bothAP  and ,
and getsassigned/5*1+2/5*2=1.2slot from AP and 1.6
slotsfrom AP , user3 is associatedvith AP and and
gets0.3 and 1.4 slotsfrom each.

In Step 2, applying the rst equationin this step, we

obtain , and ;

applyingtheseconcequationwe have , ,

, and ; applying the

third equation,we have , ,
and , .

Step 3 setsup the GAP problemusingthe , , value

obtainedin Step2. In step4, we will getaroundedsolution.

One suchsolutionis , and which
meansuser1 and 3 is associatedvith AP , anduser?2 is
associatedvith AP . Since is x edin Step4, we obtain

the nal in Step5 where , and .

Our algorithmresultsin a bandwidthallocationof 3, 24
and 6 for usersl, 2 and 3 respectiely.

2) Roundingvia Genealized Assignment:We now dis-
cussthe mostimportantremainingstepin our algorithm.For
this section,assumeahat we have a fractional solution
to the problem (NLP), obtained,for example, by applying
Lemmab.3. Our goalis to replacethe fractionalassignment
vector by a vector that encodesthe desired
associatiorof usersto APs. In the processof roundingthe
associatiorvector we shallhold thetime allocation  x ed;
this allows us to considera much simpler linear problem.

De ning as in Equation (11), considerthe following
formulation:
maximize
(GAP)
The are variables,and and are constantsas

de ned in Equationg10) and(11). Note thatthe formulation
(GAP) is identicalto (NLP) exceptthat we are holding the
time allocation x ed. We denotethe objective function as
. Thus, the following lemmaholdstrivially.
Lemmab.4: Thevector in afeasible(fractional)solution
to the formulationNLP is feasiblefor the formulation
GAP. Alternatively, the feasiblesolution for GAP together
with its parametervector is a feasiblesolutionto NLP.
Furthermore, .

The problem (GAP) is known as the GeneralizedAs-
signmentProblem. It can be phrasedas assigningjobs to
machineswith eachjob beingassignedo onemachine and
each machinebeing able to handle multiple jobs. We get
reward for assigningjob to machine , and put load

on that machine.The goal is to assignjobs to machines
so that no machine has total load more than 1, and the
total reward for the assignments maximized.Note that by
constructionwe can guaranteeghat

Shmgs and Tardos[14] gave a rounding procedurefor
the GeneralizedAssignmentproblem.The proceduretakesa
fractional assignment as input, and constructsan integer
assignmentector with the following properties.

1) .

2) Eachuser is assignedto exactly one machine,i.e.
3) Theloadimposedon eachsener is at most2, thatis,

for every sener .



D. Analysis

Finally we canstatethefollowing approximatiorguarantee
for our algorithm. If we take any optimal solution ,
scaleall bandwidthsdown by a factor , thenthe
utility of this scaled-dwn optimalsolutionwill beno greater
thanthe utility of our solution

Theoemb5.1: Considerary integral association
that is a feasiblesolutionto (NLP). Then, for the solution

producedby our algorithmit holdsthat

Proof: Considerary integral associatiorvector
By Lemmab.2, we know that thereexists a vector
a feasiblesolutionof (DLP) suchthat

thatis

(12)

In particular this holdsif is an optimal solutionto (DLP)
that we nd in step 1 of our algorithm. This is because
the optimal objective function value for the linear program
relaxationis alwaysgreaterthanor equalto the optimalin the
original integer program(basiclinear programmingtheory).
By Lemmab.3, for the solution constructedn step?2
of the algorithmwe have

(13)

By the rst property of the rounding algorithm,
. By Lemmab5.4, we have and
. Thus, we producean integer vector
in Step4 of the algorithm suchthat

(14)
CombiningEqn. 12, 13 and 14, we have,
(15)

The solution may not be feasible, as some of the
accesspoints may be overscheduledby a factor of 2.
However, if we scaledown the time allocations by .
we obtaina feasiblesolution.By noting

, it is matterof simple
algebrato checkthat

(16)

By Lemmab.1,the nal time allocation
given ; it mustbe that

is optimal for the

(17)

CombiningEqn. 16 and 17 nishes the proof. [ ]
We remarkthat the inapproximibility resultin [9] doesnot
contradictto our result. The approximationfactoris de ned
to be the ratio betweenthe objective function value of an
algorithm and the optimal objective function value. Their
inapproximibility resultis due to the fact that the optimal
objective function value can be zero. Thus, the factor is
unboundedwith zero as a denominatarOur approximation
ratio is de ned to be the scalingfactor suchthat when we
scalethe bandwidthallocationof an algorithm, we achieve
a better objective function value than the optimal. The
appealingfeature of this de nition is that it quanti es the
boundof bandwidthpenaltyof an approximationalgorithm.
In other words, we needto scalethe amountof bandwidth
at the accesspoints by the approximationfactorin orderto
achieve more total utility thanthe optimal achiezeswill the
currentamountof bandwidthavailable at the APs.

VI. EVALUATIONS
A. Methodolagy
We comparethe performanceof the following algorithms:

Our proportionalfair algorithms:cvapPFand nlapPF
An algorithm which computesan upper bound on
proportional fairness. Since the optimal proportional
fairnessproblemis NP-hard,we can not computean
optimal solutionin polynomial time unlessP=NP We
insteadcomparewith an upperbound of ary optimal
solution. We obtain this upper bound as follows: we
scaleup the fractional solution obtainedin step2 by
a factor of (equalsto 1.1); it is easyto seethat
the total utility of this scaledsolution is greaterthan
the objective function value of ary integral solutionto
formulation(NLP); thatis,

where is ary integral optimal solution to for-
mulation(NLP); We referto this fractionalalgorithmas
FracPF

Two algorithmsbasedon max-min fair allocation de-
scribedin [8]; we refer to their fractional and integral
max-minfair algorithmsasFracMM andIntMM respec-
tively.

A popularheuristic:Strongest-Signal-FirgSSF),which
is the default userAP associatiormethodin the 802.11
standard.

For our proportional fairnessalgorithms, we assumea
time-fair scheduling mechanismsuch as [15]. For max-
min fair allocation,we assumea throughput-&ir scheduling
mechanismFor SSFE we investigatethe performanceunder
both schedulingmechanismsThe SSF methodis referred
to as SSF-PFand SSF-MM for the two schedulingschemes
respectiely.

For easeof comparisonwe assumeessentiallythe same
simulationsettingasthe onein [8]. We usea simplewireless
channelmodelin which the userbit ratedepend®nly on the
distanceto the AP. Adoptingthe valuescommonlyad\ertised
by 802.11bvendors[3], [1], we assumethat the bit rate of
userswithin 50 metersfrom AP is 11 Mbps, 5.5 Mbpswithin
80 meters,2 Mbps within 120 meters,and 1 Mbps within
150 meters,respectiely. The maximumtransmissiorrange
thereforeis 150 meters.We do not assumeary backhaul
capacitylimitation.

We placea total of 20 APson a 5 by 4 grid, wherethe
distancebetweentwo adjacentAPs s setto 100 metersand
we assumeéhatan appropriatérequeng planningwasmade.

We have conductedevaluationsfor two user population
sizes.We use 100 to simulatea moderatelyloadednetwork
and 250 a heaily loaded network. Since the results are
similar qualitatively, we only presentresultsfor the 100-user
case We assumewo typesof userdistributions: (1) usersare
distributedwithin the coverageareauniformly at random;(2)
usersarerandomlypositionedin a circle-shapehotspotwith
theradiusof 150metersnearthe centerof the 20 AP network.
We assumeall usershave the samepriority. We choosethe

parametetto be ten timesthe numberof users.

We solve the discretizedinear programusingthe CPLEX
solver. All of our results presentedare averagedover 10
simulationruns.

B. Performance Comparison of Proportional Fair Algo-
rithms

We rst comparethe performanceof proportionalfairness
basedalgorithms.We usethe SSF-PFmethodas a baseline
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casefor comparison.

Our resultsare shavn in Fig. 6 and7. The Y axisis the
peruserbandwidthin Mbpsandthe X axisis the userindex.
The usersare sortedby their bandwidthin increasingordet
The userlocationsare different at eachrun, and therefore
the bandwidthof the userwith the same index actually
indicatesthe averagebandwidthof the -th lowestbandwidth
user(usersallocatedthe -th lowestbandwidth).We referto
the vector of peruserbandwidthin increasingorder as the
bandwidthallocationvector

We malke the following obsenations. The bandwidthal-
location vector of nlapPF and FracPF coorinate wise is
very close Only a few coordinatesliffer by more than10%.
The differenceis at most22%. On the other hand,although
SSF-PFperformsvery well for the uniform casewhich is
expected(still mary of the lowestbandwidthusersget 20%
less bandwidththan nlapPF),SSF-PFcan be very far from
ApproxPFin the hotspotcase For the rst 48 lowest-indeed
coordinates coordinatewise, SSF-PFis between57% and
70% of that allocatedby ApproxPFE Thus, SSF-PFcan be
very unfair to lots of uses without consideringfairnessin a
network-widecontect. To seethe detailson the differences,
Fig. 7 zoomsin on the low-bandwidthusers.We also note
that, nlapPFperformsbetterthancvapPFin the hotspotcase.
Usersindex 12 to 30 can get as much as 20% more than
cvapPE

Notethat,the peruserbandwidthsof the rst 36-thusersn
the uniform caseare all smallerthanthe peruserbandwidth
of the lowest bandwidth user in the hotspot case. This
seemsto be rather counterintuitive as the usersare more
concentratedn the hotspotcase.This obsenationis actually
anartifactof our settinganddoesnotin generalbpplyin other
settings A closelook at our settingshaws that,in the hotspot
caseall APshave userswithin range;in addition,sinceusers
are deployed uniformly within the coveragerange of APs,
thereis a signi cant fraction of them are at the boundary
with low datarate. For example, for a speci c realization
of the topology, we see20 usersin the uniform casewhose
highestdata rate to APs is 1Mbps. This is becausethese
usersare at the boundaryof the grid (18% of the areaare
more than 120 metersaway from ary AP); while thereis

10 20 30 40 50 60 70 80 90 100
User Index User Index

(a) uniform case (b) hotspotcase
Fig. 8. Peruserbandwidthcomparisorwith max-minalgorithmsand SSF-
MM.
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nonein the hotspotcasebecauseall usersare within 120
metersaway from at leastone AP from the setup.Thereare
17 userswhosehighestdatarateto APsis 2Mbpswhile there
is only 6 of themin the hotspotcase.As a consequencef
this deploymentsetting,we seethis non-intuitive result.

Besidesperuser bandwidth, we also comparethe algo-
rithms using their aggreyated throughput. Table Il shavs
the results. We obsere that the three proportional fair-
basedalgorithms achieve very similar aggrejate through-
put. Although SSF-PFachieses a slightly higher aggreyate
throughput(lessthan 5%), this comesat a costof reducing
thebandwidthallocationof thelow bandwidthusersasshavn
in Fig. 7.

Case FracMM | IntMM SSF
MM
95

83

FracPF | nlapPF | cvapPF

PF
132
89

TABLE I
AGGREGATE THROUGHPUT OF DIFFERENCE SCHEMES IN MBPS.

38
96

Uniform
Hotspot

36
93

125
112

126
112

126
110

C. Comparisonwith Max-min Algorithmsand SSF-MM.

We now comparenlapPFwith max-min fair basedalgo-
rithms: FracMM and IntMM [8] and SSF-MM.

We rst look at the uniform case From Fig. 8-(a), we can
seethat max-minfairnessprovidesthe maximumthroughput
for the r st lowest bandwidth user However, in order to
achieve this, it unduly sacri ces the throughput of other
uses. Proportionalfairnesstries to strike a balance.The
rst lowest bandwidthuserin our schemegets 44% of the
bandwidth it gets from the IntMM scheme.However, as
shavn in Table ll, in terms of aggreyate throughput,our
schemeis about236%times morethanthat of the max-min
scheme.The reasonfor this poor performanceof the max-
min schemein termsof aggreatethroughputis asfollows.
In the uniform case,for each AP, there exists some users
with very low datarate (situatedat the boundary)within its
coverage Becausanax-minschemetries to guaranteesqual
throughputamongassociatedisers,this drastically reduces
aggreyatethroughputSinceSSF-MMdoesnot distribute user
loadin ary intelligentway; it is no surprisingthatour scheme
performsmuch betterthan SSE As shavn in Table ll, our
schemes aggregatethroughoutis about35% more thanthat
of SSF-MM (SSF-PF)The medianperuserbandwidthvalue
of our schemeis over 260% times that of the max-min
schemeand over 2 timesthat of SSF-MM respectiely.

We now look at the hotspotcasewhereusersarerandomly
positionedin a circle-shapehotspotwith the radius of 150
metersnearthe centerof the 20 AP network. Notice thatin
this setupdifferentuserscanreachdifferentsetof cells.From
Tablell, we seethat, becaus&sSF-MM doesnot intelligently



redistribute usersamongnearbyAPs, its aggrejatethrough-
put in this caseis actually even worse than the max-min
scheme.The aggraeyate throughputof our schemeis about
20% more thanthat of the IntMM scheme The lowest per
user bandwidthvalue of our schemeis 91% of that of the
IntMM  scheme.The median peruser bandwidth value of
our schemeis slightly more (7%) than that of the max-min
schemeandis over 38% more than that of SSF-MM. The
performancef max-minschemen the hotspotcaseis much
betterthanthe uniform case Thereasoris thatit redistributes
usersto nearbyAPs away from the hotspotarea;as most of
theseuserssituateat the boundaryof nearbyAPs, their rate
diversity is low. As a result, the aggreatethroughputdoes
not decreas¢oo muchwhencomparedvith our proportional
fair basedschemeApproxPFE

D. Summary

Our simulation results demonstrateclearly that our Ap-
proxPF algorithm achieves close to optimal proportional
fairness(closeto FracPF an upperbound of optimal). We
have shavn that, with rate diversity, proportional fairness
tendsto be a betterfairnessmeasureasthe max-minscheme
can lead to signi cant reductionin aggreyate throughput.
The percentageof throughputgain of our proportionalfair
schemesover max-min schemess preciselylinked to rate
diversity The percentages morethan 226%in the uniform
case,while it is 20% in the hotspotcase.The rate diversity
of the rst caseis much more than the latter The poor
performanceof SSFin the hotspot case demonstrateghe
value of associatiorcontrol.

VIl. RELATED WORK

The work that is most closely related to this paperis
that of [9], [8], [15]. Bu et al. [9] formulated the gen-
eralized proportional fairnessproblem in third generation
(3G) wirelessdata networks. However, their formulation is
speci ¢ to 3G datanetworks. In 3G datanetworks, througha
signalingchannel gachuserfeedsbackits channelcondition
continuouslyto the proportionalfairnessscheduleat the base
stationit associatesvith. At eachtime slot, the schedulemat
eachbasestationscheduleghe userwith the largestweight
wherethe weight is the rate of the userat the currenttime
slot divided by the averagerateit hasrecevved sofar. In our
WLAN contet, such mechanismdoes not exist at access
points. Furthermore their associatiorcontrol algorithmsdo
not provide worst caseperformancebound with respectto
optimal proportionalfairnessBejerancet al. [8] considerthe
problemof achieving network-widefairnesaisingassociation
control. However, their fairnesameasuras max-minfairness.
Max-min throughputfairnesscansigni cantly reduceaggre-
gate throughputin multi-rate WLANS. The max-min time
fairnessproblem they consideris intendedfor single-rate
WLANSs. We considemproportionalfairnessusingassociation
control. Our problemis much more challengingthan[8] as
the objectie function is non-linearand the constraintshave
integral variables Sadeghi et al. [13], Tanand Guttagin [15]
considerthe proportional fairnessproblem at each access
point. They do not considerthe network-wide proportional
fairnessproblem.

VIIl. CONCLUSION AND FUTURE WORK

Wirelesslocal areanetworks (WLANSs) basedon 802.11
standardhave increasingly been deployed in enterprises,

academidnstitutions, etc. In thesedeployment settings,the
physical locations that accesspoints can be deployed are
typically constrainedusersmay not be distributeduniformly.
Since eachuser typically communicateswith a single AP
for an extendedperiod of time, it is very importantto opti-
mize network performanceby intelligently distributing users
amongAPs, i.e. associationcontrol. Network performance
should not be measuredn terms of aggreate throughput
only. In multi-rate WLANSs, without fairnessconsideration,
someusersmay get staned. We considerthe objective of
achieving network-wide proportionalfairnessusing associa-
tion control. Fromthe users perspecitie, the network triesto
provide equalchanneloccupang time to the extent possible
while being work-conserving.If each user has a utility
functionin termsof the bandwidthit getsfrom the network,
andthe utility functionis concare, proportionalfairnesgries
to maximize the total utility. As the problemis NP-hard,
we designtwo efcient algorithmswith worst performance
bound. Our evaluation shows that our algorithmsare very
close to optimal. They can obtain much higher aggreyate
throughputthan max-min fairnessbhasedalgorithm.

For future work, we would like to studythe network-wide
proportional fairnessproblem in mesh networks. In mesh
networks, our algorithm hasto take routing andinterference
constraintinto account. The problem we considerin this
paperis a special case as the userAP associationtakes
one hop. We also believe that, our resultin the paperis of
interestto researchergorking in network utility optimization
becausdt is a subproblemto mary of the very important
openproblems.
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